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We compute for the first time the suppression of bottomonia in a strongly coupled QGP and
compare the results to those from a weakly coupled QGP. Using imaginary time techniques we
numerically determine the real and imaginary parts of the ground state binding energy of the
bottomonia in one potential computed from AdS/CFT and another computed from pQCD. We
then use these binding energies in a suppression model to determine the Υ(1S) nuclear modification
factor in
√
sNN = 2.76 TeV Pb+Pb collisions. AdS/CFT significantly overpredicts the suppression
compared to data, although the predictive power of our calculation is limited by its significant
sensitivity to the exact details of the suppression model.
I. INTRODUCTION
There is abundant evidence that high multiplicity col-
lisions at the Relativistic Heavy Ion Collider (RHIC) and
the Large Hadron Collider (LHC) yield qualitatively new
physics never before seen at previous colliding energies
[1–7]. A natural explanation for these novel observations
is that in these high multiplicity collisions a new phase
of colored matter is created, known as the quark-gluon
plasma (QGP), in which the relevant degrees of freedom
for the strong nuclear force are no longer hadrons [8].
Currently, divergent ideas for the relevant dynamics of
the QGP medium in high multiplicity hadronic collisions
have had success in describing various experimental ob-
servables. For example, assuming the medium is best de-
scribed using the strong coupling techniques of AdS/CFT
explains the success of the picture of a rapidly thermo-
dynamizing, nearly inviscid fluid that couples strongly to
high transverse momentum (high-pT ) open partons [9–
19]. Simultaneously, weak coupling techniques from per-
turbative quantum chromodynamics (pQCD) have also
shown success in describing the distribution of both low-
pT and high-pT particles in high multiplicity collisions
[20–42]. Even models that assume strong coupling dy-
namics for low-pT medium modes that are weakly cou-
pled to high-pT modes have been argued as successfully
describing LHC jet data [43–46].
In vacuum, quarkonia are bound states of a heavy
quark and its anti-quark pair, e.g. the cc¯ pair in a J/ψ
meson or a bb¯ pair in the Υ(1S) meson [47]. Embed-
ded in a medium, the properties of quarkonia change.
Matsui and Satz [48] were the first to propose that sup-
pression of the J/ψ meson spectrum should be observed
in the QGP due to Debye-screening of the color charge.
Heavy quarkonia may theoretically exist in conjunction
with the QGP at T > Tc, where Tc is the critical temper-
ature required for QGP formation, due to its small bind-
ing radii relative to the screening radius, whereas lighter
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hadrons dissociate at ∼ Tc. At some T , the screening ra-
dius eventually becomes smaller than the typical heavy
quarkonia radii, leading to their dissolution [49]. In ad-
dition, excited states of heavy quarkonia dissociate be-
fore the ground state [50]. The suppression of the bound
states of heavy quarkonia in heavy-ion collisions is hence
a valuable indicator of the formation of QGP, and the
comparison of the quarkonia spectra in high multiplicity
collisions to that in minimum bias p+ p collisions where
no QGP is formed is a useful probe of the QGP’s prop-
erties.
Also pioneered in [48] was the use of potential models
to describe the interaction of the quark and antiquark in
the qq¯ pair to calculate the suppression of quarkonia spec-
tra in heavy-ion collisions. In these potential models, the
large mass and small relative velocity of the heavy quarks
justifies the use of non-relativistic quantum mechanics to
describe the quarkonia: the non-relativistic Schro¨dinger
equation gives a binding energy for the quarkonia given
a model potential for the qq¯ interaction.
Further works [51–55] have shown that in addition to
a standard real Debye-screened term, the potential of
heavy quarkonia at finite temperature contains an imag-
inary part which gives the thermal width of the state,
and hence its suppression. One of the first to do so was
[51], which made use of perturbative methods to find the
static potential of heavy quarkonia at finite temperature.
They concluded that the thermal width of the state in-
creases with temperature T , suggesting that at high T
the dissociation due to the effect described by the imag-
inary part of the potential occurs before color screening
can even come into effect. Physical interpretations of
this damping were provided by [52, 53] in the form of
inelastic scatterings of hard particles in the plasma with
one another and surrounding gluons, with [56] suggesting
that quarkonia suppression could also be attributed to qq¯
color singlet to octet break-up even when the Debye mass
is smaller than the quarkonia binding energy.
The complex-valued potential was explored further us-
ing non-perturbative lattice QCD by [54, 55], allowing for
the study of strongly coupled quarkonia as well. How-
ever, lattice techniques are restricted to quarkonia at or
very near rest with respect to the medium and inverting
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2lattice observables to the quarkonia potential is a non-
trivial, possibly ill-defined process [57, 58]; certainly an-
other theoretical tool is required to investigate a quarko-
nium moving rapidly with respect to a strongly coupled
medium.
The potential for static heavy quarkonia at finite tem-
perature in N = 4 super Yang-Mills theory was cal-
culated via the methods of AdS/CFT by [59–64]. Liu,
Rajagopal and Wiedemann (LRW) [65] were the first to
present a description from AdS/CFT of the consequences
of velocity on the screening length of charmonium. They
found that the plasma screening length decreased with
velocity and therefore could result in a significant addi-
tional source of suppression at high transverse momen-
tum pT . Since then, [66–69] have performed similar inves-
tigations. While the aforementioned are limited in their
scope of application, it is interesting to note that [66] in
particular concludes that the effect of velocity may not
be as consequential as postulated in LRW.
On the other hand, from pQCD, [70] found a poten-
tial for weakly coupled heavy quarkonium states which
is dependent on velocity and shows that the dissociation
energy increases with quarkonia velocity.
We would ultimately like to investigate the conse-
quences of these different velocity dependence pictures
from AdS/CFT compared to pQCD. In this paper we
have a more modest goal: to compare the experimen-
tally measurable consequences of pQCD vs. AdS/CFT
pictures for computing the quarkonia potential when the
quarkonia are at rest with respect to the medium.
The usual observable used to compare theoretical pre-
dictions for quarkonia to data is the nuclear modifica-
tion factor, RAA({xi}), which is the ratio of the num-
ber of quarkonia observed in an A+A hadronic collision
as a function of the set of variables {xi} to the num-
ber observed in minimum bias p+ p collisions, scaled by
the number of p+ p–like collisions in the {xi} collisions.
Should the production processes for quarkonia remain
unchanged in an A+A collision, then an RAA less than
1 indicates a suppression of quarkonia and would indicate
the presence of a medium that caused the quarkonia to
dissociate.
One of the challenges of quarkonia research, however,
is the significant number of unknowns that cloud the in-
terpretation of RAA. For example, even in p+p collisions,
the production mechanism for quarkonia is not under
good theoretical control [57, 58]; thus it is unclear how
the production spectrum of quarkonia is affected quanti-
tatively in A+A collisions. By focusing on bottomonia,
whose formation time ∼ 1/2mb  τform, where τform is
the formation time of the QGP medium in A + A colli-
sions, we hope to limit our theoretical uncertainty due to
quarkonia formation physics.
Another complication is the possibility for regenera-
tion. As
√
s and T increase, the density of open charm
in the medium increases. Then the possibility of quarko-
nia to spontaneously form from these charm combining or
of dissociated quarkonia reforming through the capture
of these open in-medium charm quarks increases. Since
mb  T at RHIC and LHC and the hard production
cross section for bottom is small enough, we can avoid
considering regeneration in our bottomonia calculations
[71].
In this paper we consider the case of ground state bot-
tomonia at rest with respect to an isotropic quark-gluon
plasma. We follow the methodology outlined in Krouppa
et al. [71], with a number of improvements. Given a po-
tential, we evolve a random wave function through imag-
inary time; after a sufficiently long evolution, only the
ground state wave function remains. This ground state
wave function then determines the ground state binding
energy. We independently confirmed these binding en-
ergies by an application of the complex Ritz variational
method [72]. Following Krouppa, we used the complex
binding energies in a quarkonia suppression model to
compute RAA.
The potential models used are presented in Section II,
taken from leading-order perturbative calculations in [71]
for weakly coupled quarkonia and AdS/CFT calculations
in [61] for strongly coupled quarkonia. These potentials
are used to solve the non-relativistic, time dependent
Schro¨dinger Equation (TDSE) for the ground state en-
ergy and hence binding energy of Υ(1S), using the imag-
inary time techniques as outlined in Section III. The re-
sulting binding energies as a function of temperature are
provided in Section IV and are independently confirmed
using complex variational methods as laid out in Ap-
pendix A. Our predictions for RAA as a function of Npart
and pT , respectively, follows in Section V. We conclude
our manuscript with a Discussion and Outlook in Sec-
tion VI.
II. POTENTIAL MODELS
A. Weakly Coupled Quarkonia
The potential model presented here for weakly coupled
quarkonia is taken from [71] and is complex-valued as
V (r) = <[V (r)] + i=[V (r)]. Both the real and the imagi-
nary parts of the potential were found using leading-order
perturbative calculations. The real part of the potential
was derived from the Fourier transform of the gluon prop-
agator in the real time formalism, and the imaginary part
of the potential was derived from the symmetric propa-
gator in the imaginary time formalism; these derivations
are presented in [73] and [74], respectively.
The real part of the potential is given by
<[V (r)] = −α
r
(1 + µr)e−µr+
2σ
µ
(1− e−µr)
−σre−µr − 0.8σ
m2Qr
, (1)
where r is the distance between the quark and anti-quark
in the qq¯ pair, σ = 0.223 GeV2, and α = 0.385. We take
3mQ = 4.7 GeV for bottomonium. The anisotropic Debye
mass µ [71] is defined as
µ
mD
≡ 1− ξ 3 + cos θ
16
,
where ξ is the anisotropic parameter. ξ = 0 in an iso-
tropic plasma. Hence we take µ = mD, where mD is the
Debye mass,
m2D = (1.4)
2Nc(1 +Nf/6)4piαsT
2/3. (2)
The factor of (1.4)2 is an adjustment made to take into
account higher-order corrections to the leading-order per-
turbative calculation of mD as determined using lattice
calculations in [75].
We will take mD ' 3 phard, as was done in [71], where
phard is a constant hard momentum scale for the particles
in the QGP. From [76], we have that given a fixed number
density, phard can be expressed as
phard = (1 + ξ)
1/6T.
Hence we take T = phard for ξ = 0. With parameters
Nc = 3, Nf = 2 and αs = 3α/4 from the relation α ≡
CFαs = [(N
2
c − 1)/(2Nc)]αs, then, Eq. (2) yields m2D =
9.48T 2 ' 9 p2hard, as required.
We plot <[V (r)] as a function of quark separation r for
various temperatures in Fig. 1a.
The imaginary part of the weakly coupled potential is
given by
=[V (r)] = αT{φ(rˆ)− ξ [ψ1(rˆ, θ) + ψ2(rˆ, θ)]}, (3)
where rˆ ≡ mDr and
φ(rˆ) ≡ 2
∫ ∞
0
dz
z
(z2 + 1)2
[
1− sin (zrˆ)
zrˆ
]
. (4)
We do not include the functions ψ1(rˆ, θ) and ψ2(rˆ, θ) here
since they are irrelevant in our isotropic plasma, but are
available in [71].
We plot =[V (r)] as a function of quark separation r for
various temperatures in Fig. 1b.
Note that, in order not to cut off the wave function
prematurely, the potential must be considered at least
as far as 20 fm. The function in Eq. (4) reduces in part
to a Meijer G-function which becomes unstable for r &
10 fm. Hence, we imposed a maximum allowed value on
rˆ of rˆmax = 29.95, which resulted in =[V (r)] leveling off
consistently as shown in Fig. 1b.
B. Strongly Coupled Quarkonia
We modeled the strongly coupled heavy quarkonia at
rest in a QGP with the potential given in Albacete et
al. [61]. In that work, the authors derive the potential
in N = 4 super Yang-Mills at finite temperature using
AdS/CFT based on the methods of Rey et al. [59] and
Brandhuber et al. [60].
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FIG. 1. Plot of the (a) real part of the potential <[V (r)],
given in Eq. (1), and the (b) imaginary part of the potential
=[V (r)], given in Eq. (3), as a function of the distance r be-
tween the quark and anti-quark in the bb¯, for various T in an
isotropic plasma. T = Tc is denoted by the dotted black line,
T = 1.5 Tc by the solid orange line, T = 2 Tc by the dashed
red line, T = 2.5 Tc by the thick blue line and T = 3 Tc by the
dashed-dotted green line. We take the critical temperature to
be Tc = 192 MeV [76].
The potential in [61] is given by
Vs(r) =
√
λ
2c0pi
[
− 1
zmax
(
1− z
4
max
z4h
)
× F
(
1
2
,
3
4
;
1
4
;
z4max
z4h
)
+
1
zh
]
, (5)
where λ is the ’t Hooft coupling, c0 = Γ
2
(
1
4
)
/(2pi)3/2,
and F is the usual Gaussian hypergeometric function.
The temperature dependence comes from zh = 1/piT ,
and zmax is found from the implicit equation
rc0 =
zmax
z2h
√
z4h − z4maxF
(
1
2
,
3
4
;
5
4
;
z4max
z4h
)
. (6)
Note that zmax, and hence the potential, becomes com-
plex for r > rc ' 0.870 zh. The original papers [59, 60]
4abandon the solution at this point, but [61] does not.
Considering that both weakly coupled pQCD and non-
perturbative lattice QCD methods yield heavy quark po-
tentials with both real and imaginary parts, it is sensible
to expect the same using AdS/CFT methods. Further,
allowing for complex zmax smooths out the kink in the
potential from [59, 60], and does not violate any precepts
of AdS/CFT.
Fig. 2 shows the real and imaginary parts of zmax, re-
spectively, versus quark separation r for T = 1/pi GeV.
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FIG. 2. All possible solutions for (a) <[zmax] and (b) =[zmax],
as a function of quark separation r for T = 1/pi GeV from
Eq. (6). The solid line is the root chosen over the dashed line
solution for calculating the potential Vs(r) as shown in Fig. 3.
The solution for <[zmax] denoted by the solid line is
chosen as the physically relevant one, as was done in [61].
This choice is made because that solution agrees with the
solution first found by Maldacena [77] for a heavy quark
potential in vacuum for N = 4 SYM theory, given in Eq.
(7), which reduces to zmax = rc0 at zero temperature.
Furthermore, the solid root is chosen for =[zmax] over
its complex conjugate. This choice is justified as follows.
The time evolution of the wave function of any given
state is e−iEt ∼ e=[E]t. In order to ensure that the prob-
ability of a single state does not exceed one, we require
that =[E] < 0 [61], and therefore =[Vs(r)] < 0. We thus
choose the positive root for =[zmax], which yields the re-
quired negative =[Vs(r)].
Fig. 3a and 3b show the real and imaginary parts of
Vs(r) as a function of quark separation r, calculated using
the roots chosen for zmax as shown in Fig. 2, and taking
λ = 10.
As mentioned earlier, [77] gives the heavy quark po-
tential in a vacuum at zero temperature as
V0(r) = −
√
λ
2pic20r
. (7)
The plot of V0(r) is given in Fig. 3a for comparison.
Note that the real parts of the pQCD and AdS/CFT
potentials, shown in Fig. 1a and 3a, respectively, are sim-
ilar in form, but the imaginary parts from pQCD and
AdS/CFT, shown in Fig. 1b and 3b, respectively, differ
greatly: the imaginary part of the pQCD potential sat-
urates as a function of r whereas that of the AdS/CFT
potential diverges.
III. NUMERICAL INTEGRATION OF TDSE
The methodology used here follows that of [71, 76, 78],
adapted to the special case of an isotropic plasma, with
various modifications of the discretization as explained
further below. In order to compute the ground state
wave function, and hence the binding energy, we need
to solve the non-relativistic, time dependent Schro¨dinger
Equation (TDSE) in spherical coordinates, subject to a
spherically symmetric wave function Ψ = Ψ(r, t). The
TDSE is thus
i∂tΨ(r, t) = HΨ(r, t), (8)
where the Hamiltonian H is
H = − 1
2m
∇2 + V (r),
∇2 = 1
r2
∂
∂r
(
r2
∂
∂r
)
+ f(θ, φ), (9)
where m ≡ m1m2/(m1 +m2) is the reduced mass of the
quarkonium. Note that f(θ, φ) can be neglected since we
are dealing with an isotropic quark gluon plasma. We
take ~ = c = 1 throughout the paper.
Performing a Wick rotation to an imaginary time τ ≡
it, Eq. (8) has the general solution
Ψ(r, τ) =
∞∑
n=0
cnψn(r)e
−Enτ . (10)
Since En > E0 for all n > 0, one can evolve forward
in imaginary time such that all the higher order wave
functions are suppressed and only the ground state wave
function remains:
lim
τ→∞Ψ(r, t)→ c0ψ0(r)e
−E0τ , (11)
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FIG. 3. The (a) real part of the strongly coupled potential <[Vs(r)] and the (b) imaginary part of the potential =[Vs(r)] from
Eq. (5) as a function of the distance r between the quark and anti-quark in the bb¯, for various temperatures T in an isotropic
plasma. T = 0.25 GeV is the thick blue line, T = 0.5 GeV the dashed red line and T = 1 GeV the thin orange line. T = 0 GeV
is included in (a) as the dashed-dotted green line, taken from Eq. (7).
where ψ0(r) is the ground state wave function and E0
the ground state energy.
For simplicity, we will redefine the imaginary time to
be dimensionless, τ ≡ itm, along with further dimension-
less quantities ρ, R(ρ), and W (ρ),
ρ ≡ mr , R(ρ, τ) ≡ rΨ(r, τ) , W (ρ) ≡ V (ρ)
m
.(12)
The TDSE in terms of the dimensionless quantities is
∂
∂τ
R(ρ) =
1
2
(
∂2
∂ρ2
R(ρ)
)
−W (ρ)R(ρ). (13)
We improve upon the finite difference time domain
(FDTD) scheme implemented in [76] (and elaborated
upon in [78]) by using a Crank-Nicolson Scheme, since
this scheme is stable for much larger time steps ∆τ [79].
Given a PDE of the form
∂u
∂t
=
∂
∂x
(
D
∂u
∂x
)
(14)
one can discretize it as follows:
un+1j − unj
∆t
=
D
2
(un+1j+1 − 2un+1j + un+1j−1 )
(∆x)2
+
D
2
(unj+1 − 2unj + unj−1)
(∆x)2
, (15)
where we use the notation
un+1j+1 ≡ u [(n+ 1)∆t, (j + 1)∆x] .
Letting
W (ρ)R(ρ) = W (ρi)
(
Rni +R
n+2
i
2
)
, (16)
where we define τn ≡ (n− 1)∆τ and ρi ≡ (i− 1)∆ρ, the
discretization of Eq. (13) is then
[
− ∆τ
4(∆ρ)2
]
Rn+1i+1 +
[
1 +
2∆τ
4(∆ρ)2
+
W (ρi)∆τ
2
]
Rn+1i +
[
− ∆τ
4(∆ρ)2
]
Rn+1i−1 =[
∆τ
4(∆ρ)2
]
Rni+1+
[
1− 2∆τ
4(∆ρ)2
− W (ρi)∆τ
2
]
Rni +
[
∆τ
4(∆ρ)2
]
Rni−1. (17)
For the binding energy plots shown in Section IV, we
used ∆r = 0.01 fm and ∆τ = 10(∆ρ)2, where we have
that ∆ρ = m∆r. Note that for both the weakly and
strongly coupled potentials, we implemented an rcut =
10−5/mQ > 0 on the potentials to ensure that solutions
did not blow up at r = 0.
The binding energy of the state can then be found from
Ebind ≡ E0 −<[V (|r| → ∞)], (18)
where the ground state energy E0 can be found from the
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FIG. 4. The (a) negative real part of Ebind and (b) negative imaginary part of Ebind for Υ(1S). The blue, red, and orange
curves give the results for weakly coupled and strongly coupled (λ = 10 and λ = 5.5) Υ(1S), respectively, computed from
the imaginary time method of Section III. The dashed white curves inside the blue and red curves are from the independent
evaluation using the complex variational method of Appendix A. The results from KRS [76], which should be identical to the
blue curves, are given as solid green for comparison.
ground state wave function,
E0 =
∫
r2 dr ψ0(r)
∗H ψ0(r)∫
r2 dr |ψ0|2 . (19)
For weakly coupled quarkonia, the real part of the po-
tential Eq. (1) at infinity reduces to a constant,
<[V (|r| → ∞)] = 2σ
µ
. (20)
In the case of the strongly coupled potential Eq. (5),
<[Vs(|r| → ∞)] = 0.
IV. BINDING ENERGY RESULTS
Fig. 4a is a plot of the real part of the binding energy
of Υ(1S) from the pQCD potential, Eq. (1) and (3), and
strongly coupled potential, Eq. (5), as a function of tem-
perature. Similarly, Fig. 4b gives the imaginary part of
the binding energies for all cases mentioned above.
For the AdS/CFT results, we show the binding en-
ergy both for the case where the coupling constant is
λ = 10 (labeled as αs = 0.27) and where λ = 5.5; the
reasoning behind the choice of these values is explained in
Section V. The binding energy results for bottomonium
from [76] are labeled “pQCD (KRS)” and are included
for comparison.
Both the binding energy results presented for the
pQCD potential and the AdS/CFT potential taking λ =
10 were independently confirmed using a complex varia-
tional method, further explained in Appendix A.
The binding energy found from our adapted methodol-
ogy for the pQCD potential, Eq. (1) and (3), differs quan-
titatively from that presented in [76], which was used in
Krouppa et al. [71] to calculate suppression. In the case
of Υ(1S), this difference does not change the qualitative
behavior of the quarkonia, since both results suggest that
the quarkonia remain bound up to at least T = 3Tc.
However, we will see in Section V that the small quan-
titative differences in the derived binding energies lead
to a significant quantitative difference in the predicted
suppression.
In the case of ground state charmonium, J/ψ, however,
we see a qualitative difference in binding energies. The
plot given in [76] agrees with the commonly accepted wis-
dom from lattice QCD that J/ψ mesons cease to exist as
a bound state between 1.5 Tc and 2.5 Tc. However, using
the same potential in [76] but with our methodology, we
find that the J/ψ do not dissociate in this temperature
range.
That our results for the pQCD potential from [76] in-
dicate bound charmonia above T & 3Tc suggests a need
either for an adjustment to the potential given in [71],
since we believe our results to be more accurate than
those presented in [76], or a slightly different approach in
the interpretation of lattice QCD results with regards to
the dissociation of J/ψ at T ∼ 1.5 Tc. We suspect that
the plot presented in [76] resulted from the authors in-
tegrating over too small a spatial region (they indicated
that they considered an rmax of 5 fm, whereas our results
were sensitive to values of rmax as large as ∼15 fm) or not
imposing restrictions on the Meijer G-function present in
the =[V (r)] as we did in Section II A.
7The imaginary part of the binding energies from
AdS/CFT are notably larger than those of weakly cou-
pled quarkonia, and rise more steeply. This result is
not surprising as the AdS/CFT potential has a diver-
gent imaginary part, compared to the saturation of the
imaginary part of the pQCD potential.
Unlike in the case of the weakly coupled quarkonia
where the Υ(1S) remains bound for the temperature
range considered, the strongly coupled Υ(1S) dissociates
at ∼1.9Tc. The comparatively larger imaginary part of
the binding energy up to the temperature at which the
bottomonium dissociates implies a much larger thermal
width at higher T , and hence a larger suppression.
V. SUPPRESSION
We would like to make quantitative predictions for the
suppression of bottomonia in heavy ion collisions and
compare to measured data. The nuclear modification
factor RAA is calculated following [71]:
RAA(pT , y,x⊥, b) = e−ζ(pT ,y,x⊥,b), (21)
ζ ≡ Θ(τf − τform)
∫ τf
max (τform,τ0)
dτ Γ(τ,x⊥, ς = y),
where the thermal width Γ(τ,x⊥, ς) is given as
Γ(τ,x⊥, ς) =
{
−2=[Ebind] <[Ebind] < 0
γdis <[Ebind] ≥ 0. (22)
We take γdis = 10 GeV, as was done in [71]. Furthermore,
b is the impact parameter, and y the rapidity, taken to
be zero. The formation time τform is calculated using
τform = ET τ
0
form/mQ (23)
where τ0form = 0.2 fm is taken for the initial formation
time of the state [71]. Lastly, the final time τf is taken
as the time at which the temperature T of the QGP drops
below the critical temperature Tc.
We use the optical limit of the Glauber model [81] to
describe the background in the case of
√
sNN = 2.76 TeV
Pb+Pb collisions. Taking a weighted average over the
region with limits x⊥ = [−10, 10] fm, we have
RAA(pT , b) =
∫
d2x⊥dφ TAA(x⊥, b) RAA(pT , y,x⊥, b)
2piNcoll
,
(24)
where TAA(x⊥, b) is the nuclear overlap function and
Ncoll ≡
∫
d2x⊥ TAA(x⊥, b) is the number of binary nu-
cleon-nucleon collisions in the region.
We set a central temperature T0 = 522 MeV and initial
formation time τ0 = 0.3 fm, as is done in [71]. Hence the
temperature T of the QGP is given by
T (τ0,x⊥, b) = β
(
ρpart(τ0,x⊥, b)
τ0
)1/3
(25)
where β = 0.231 GeV fm is a proportionality constant
and ρpart the participant density.
Fig. 5a gives the nuclear modification factor RAA for
each of the sets of binding energies shown in Fig. 4a and
4b as a function of the number of participating nucleons
Npart. To this end, the RAA(pT , b) from Eq. (24) is aver-
aged over the transverse momentum range 0 ≤ pT ≤ 40
with a weighting of E−4 [71].
Fig. 5b shows RAA(pT ), where all centrality classes
are included, weighed by the number of binary nucleon-
nucleon collisions Ncoll.
Suppression results for mid-rapidity (|y| < 2.4) Pb+Pb
collisions at
√
sNN = 2.76 TeV from the CMS Collabora-
tion [80] are included in Fig. 5a and 5b for comparison.
We show in Fig. 5a and 5b two predictions for the sup-
pression of strongly coupled bottomonia in an attempt
to at least partially map out some of the systematic
theoretical uncertainties associated with the use of the
AdS/CFT correspondence. Since we used a potential
derived in AdS-space dual to maximally supersymmet-
ric Yang-Mills theory, there is no single obvious map
between the parameters of QCD and of N = 4 SYM.
For the αs = 0.27 curve, we took λSYM = 10 and
TSYM = TQCD, where λSYM = 10 =
√
4piαsNc (and
thus αs = 0.27 for Nc = 3) is approximately the value
of the QCD running coupling constant evaluated at the
first Matsubara frequency of the plasma. For the λ = 5.5
curve, the coupling constant was set by a comparison to
the qq¯ potential from lattice and TSYM = TQCD/3
−1/4 is
a result of assuming the entropies of the QCD and SYM
plasmas are the same [82].
We show in Fig. 5a and 5b three predictions for weakly
coupled bottomonia: 1) the suppression using the bind-
ing energies we compute from the potential in [76] run
through our medium background, 2) the suppression us-
ing the binding energies computed in [76] run through
our medium background, and 3) the suppression quoted
in [71] in which they run the binding energies computed
in [76] through their background.
VI. DISCUSSION AND OUTLOOK
In this paper we computed for the first time the sup-
pression of bottomonia in an isotropic strongly coupled
QGP and compared the results to those from a weakly
coupled QGP and to data from the CMS Collaboration
[80].
The non-relativistic, time dependent, radially symmet-
ric Schro¨dinger Equation was solved numerically in order
to find the ground state wave functions for two poten-
tial models: one from pQCD and one from AdS/CFT.
The discretized, numerical evaluation of the imaginary
time Schro¨dinger Equation was performed using a Crank-
Nicolson Scheme, evolving forward in imaginary time un-
til all higher order wave functions were sufficiently sup-
pressed. The potential used for weakly coupled quarko-
nia was taken from [76], in which the potential came
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FIG. 5. (a) Nuclear modification factor RAA as a function of the number of participating nucleons Npart for 0 ≤ pT ≤ 40.
(b) Nuclear modification factor RAA as a function of transverse momentum pT for combined centrality classes. In both
subfigures, the thick solid blue line gives our results for weakly coupled Υ(1S), and the dashed-dotted red line that calculated
for the binding energy from KRS [76] using our suppression model. The RAA presented in KRS [71] as calculated using their
suppression model is given in dashed purple. The solid green and dotted black lines give the results for strongly coupled Υ(1S)
with coupling constants αs = 0.27 (and TSYM = TQCD) and λ = 5.5 (and TSYM = TQCD/3
1/4), respectively. Data from CMS
[80] is included in orange.
from leading-order pQCD with various corrections. The
strongly coupled quarkonia potential was taken from [61],
who obtained their potential from AdS/CFT.
The ground state wave functions obtained were then
used to find the (complex) ground state energies for
Υ(1S). These ground state energies were then indepen-
dently confirmed using a complex variational technique
[72]. Our binding energies for the weakly coupled poten-
tial in [76] differed somewhat from those found in [76],
likely due to extending the physical region under consid-
eration and from a possibly more careful treatment of the
potential. For Υ(1S), the difference was only quantita-
tive, but for J/ψ the difference was qualitative: for the
potential in [76], we found charmonia remain bound up
to at least T ∼ 3Tc.
Our first results for Υ(1S) strongly coupled to a
strongly coupled plasma show binding energies with
much larger imaginary parts than those found from the
pQCD potential, as well as real parts that become pos-
itive within the Tc to 3Tc range considered. Thus, for
the potential models considered here, a strongly coupled
Υ(1S) interacting with a strongly coupled plasma melts
at a lower temperature than a weakly coupled Υ(1S)
interacting with a weakly coupled plasma. The Υ(1S)
hence appears more strongly bound at weak coupling
than at strong coupling, which is surprising.
Since the weak coupling bottomonia become more
strongly bound as the coupling is increased and the
strong coupling bottomonia become less strongly bound
as the coupling decreases, that the weak coupling bot-
tomonia is more strongly bound at weak coupling than
at strong coupling suggests some non-monotonic behav-
ior of the binding energies at the threshold between the
weak and strong coupling regimes. This non-monotonic
behavior possibly stems from deriving the potential at
weak coupling in QCD whereas the strong coupling po-
tential was derived in the slightly different theory, N = 4
SYM; it would be interesting to compare binding ener-
gies from the quarkonium potential at weak and strong
coupling consistently within N = 4 SYM.
We then input the complex ground state binding ener-
gies we found into an implementation of the suppression
model described in [71] to determine the Υ(1S) nuclear
modification factor RAA as a function of the number of
participating nucleons, Npart, and of transverse momen-
tum, pT , respectively. The difference in binding energies
for the two coupling scenarios is echoed in the RAA re-
sults: from the larger imaginary parts of the strongly cou-
pled binding energies, we see a significantly larger sup-
pression for strongly coupled Υ(1S) than for weakly cou-
pled Υ(1S). Quantitatively, our full model—comprised of
the potential, the resulting quarkonia binding energies,
and the translation to RAA—significantly overpredicts
the suppression of strongly coupled bottomonia com-
pared to data. At the same time, our predictions for
weakly coupled bottomonia are consistent with data.
We note that our model for the medium is signifi-
cantly less sophisticated compared to that used in [71]:
our background is an optical Glauber model as opposed
to the 3+1D viscous anisotropic hydrodynamics in that
work. Our medium incorporates only Bjorken expansion,
whereas the background in [71] includes transverse ex-
pansion and entropy production. Therefore the plasma
in [71] cools faster than ours, leading to our model show-
9ing more dissociation for the same binding energies. The
extent of the sensitivity of RAA to the background used
is surprisingly large. With the only difference being the
background geometry used, we ran the binding energies
from [76] through our suppression model and found an
RAA a factor of two smaller than that shown in [71].
In contrast to the favorable comparison between the
pQCD-based results of [71] and the CMS data [7], if
we assume our weak coupling binding energies are more
accurate than those of [76], then computing RAA with
the more sophisticated background from [71] would likely
yield a significant underprediction of the suppression of
bottomonia.
At strong coupling, with a potential derived from
AdS/CFT as described in [61], it seems unlikely that
the use of a more sophisticated background would reduce
the suppression of bottomonia enough that the predicted
RAA would be consistent with data; however, the differ-
ences from using a more sophisticated background, sup-
pression model, and velocity dependent potential may ul-
timately be sufficient for future strongly coupled quarko-
nia predictions to be consistent with current data.
We leave the implementation of more advanced calcu-
lations of quarkonia suppression—including better mod-
eling of the medium background, more accurate ini-
tial quarkonia production, a more realistic dissociation
model, and the use of velocity dependent potentials—and
a more thorough investigation of systematic theoretical
uncertainties in quarkonia RAA for future work.
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Appendix A: Complex Variational Method
The complex binding energies presented in Section IV
for the pQCD potential, as well as the AdS/CFT po-
tential with a coupling constant of λ = 10, were con-
firmed using the complex variational method presented
here. We used the complex variational principle from
[72], which can be seen for full theorems and proofs, and
is an extension of the usual Ritz variational method [83]
to complex-valued potentials.
First, we define the c-product as
(ψ|φ) =
∫
Rn
ψ(~x)φ(~x) dnx (A1)
for two general functions ψ(~x) and φ(~x). Then, given
some eigenvalue problem Hψ(~x) = Eψ(~x) where (ψ|ψ) 6=
0, we can define the Rayleigh quotient as
R(~α) ≡ (ψ|Hˆ|ψ)
(ψ|ψ) , (A2)
where ψ(~x; ~α) is a parameter-dependent trial wave func-
tion, with ~α ∈ Cm.
In the event that Hψ(~x; ~α0) = Eψ(~x; ~α0) is satisfied
for some ψ(~x; ~α0) and (ψ(~α0)|ψ(~α0)) 6= 0, then we have
that
∂R(~α0)
∂αi0
= 0 . (A3)
Note that the complex variational method only guar-
antees that ψ(~x; ~α0) is a stationary wave function of the
eigenvalue problem, not necessarily the ground state, as
is the case with the real-valued potential Ritz variational
method. Since the imaginary time techniques described
in Section III guarantee a ground state wave function
if the imaginary time evolution is large enough, then a
conclusion from these complex variational methods of the
existence of a stationary state with binding energies equal
to those from the imaginary time evolution is sufficient to
confirm the imaginary time evolution ground state bind-
ing energy results.
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